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Abstract 

The differential cross-sections for scattering of gravitons into photons on 
bosons and fermions are calculated in linearized quantum gravity. They are 
found to be strongly peaked in the forward direction and become constant at 
high energies. Numerically, they are very small as expected for such gravita¬ 
tional interactions. 


1 Introduction 


Inspired by string theories, it has recently been suggested that spacetime might have 
large, extra dimensions so that gravity can be unified with the other interactions at 
experimentally accessable energies(![] ||. As a consequence, the graviton will then 
have stronger interactions than in more conventional theories. In addition there will 
be a large number of Kaluza-Klcin excitations of the graviton which also can be 
important in future experiments|3|] J3J H 0 0 • These will have couplings of the same 
kind as the ordinary, massless graviton. For these reasons it will now be of some 
interest to study the interactions of gravitons with other particles in order to learn 
more about what to expect within such theoretical frameworks. 

We will here calculate the differential cross-section for the graviproduction process 
g+p —■► 7 +p' where a photon 7 is produced in the final state by an incoming graviton 
g interacting with a matter particle p. Using linearized quantum gravity and the 
requirements of gauge invariance, the production amplitude is uniquely defined in 
lowest and dominant order of perturbation theory. In the next section we give a short 
summary of linearized gravity and the Feynman rules for graviton interactions. In 
Section 3 we calculate the production cross-section on scalar particles and on Dirac 
particles in the following section. Finally, there is a short discussion of our results. 
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2 Linearized theory of gravity 


In standard Einstein gravity, the metric g lw is determined by the energy-momentum 
tensor as the solution of the fundamental equation 

Rfiv ~ ^9tiuR = SttGT^ ( 1 ) 

where R^ = R^ Xu is the Ricci tensor and R = R 1 '^. The constant multiplying 
is the squared inverse Planck mass which we for convenience will denote by 
f 2 = 8nG. For small fluctuations around the Minkowski metric rj fUI , the full metric 
is now usually written as 00. 

9^iv T 2/h^jy (2) 

where h llv {x) is the graviton field. When it is small in amplitude, we then have to 
lowest order 


R,iu = -/( D V _ ~ d » h v) ( 3 ) 

where h fl = d\h x ^ — \ d^h x x . It is now easy to verify that this curvature tensor is 
invariant under the local gauge transformation 

hf11/ * h[j,v + + duX/j. ( 4 ) 

where xn = Xn( x ) is an arbitrary vector function. These gauge transformations 
correspond to local coordinate transformations. 

This local invariance allows us to choose a convenient gauge for the graviton field as 
one also does in the description of the photon field. The simplest and most common 
gauge choice is the Hilbert or harmonic gauge defined by the condition h lL = 0. It 
is convenient to introduce the barred held 

h/iv — 2 a ( 5 ) 

which is an idempotent operation, i.e. h, w = h^. The Hilbert gauge condition 
can then be written as = 0. The Ricci tensor (0) now takes the simple form 

Rfj, v = —/□ hp v and the Einstein equation ([!]) simplihes to 

□ h»v = -fT^ ( 6 ) 

We have thus arrived at the wave equation for the graviton held produced by the 
source on the right-hand side. Its stucture is the same as for the electromagnetic 
wave equation in the Lorentz gauge where the source is the electric four-current. 
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Using the analogy with electromagnetic theory, we can now couple the above gravi¬ 
ton held to another matter distribution described by the energy-momentum tensor 
T' via the interaction 

tint = -fh rzi, (7) 

This gives a direct coupling between these two matter distributions which is 

c mt = ( 8 ) 


where the barred energy-momentum tensor T ^ is defined as in 
barred with the help of the projection operator 


Pfiupcr 2 i.VppVv<T T Vp&Vvp VpvTjpcr) 


to give 


p„ 


j 2 rj-i/fxu _ Liypcr rjnp t 


□ 


It can be un- 

( 9 ) 


( 10 ) 


In the quantized theory this interaction is due to the exchange of a graviton. We 
thus have for the graviton propagator in momentum space 

= -wr~ (n) 

k z + ie 

From Eq. ( 0 ) we see that it couples to the energy-momentum tensor with strength 
/. The situation is very similar to QED where the photon held A^ couples to the 
electrical current with strength e which is the electric charge of the particle. 


2.1 Graviton polarizations 


The description of a free graviton is not completely fixed in the Hilbert gauge. It 
still allows gauge transformations of the type (0) as long as = 0. One can then 
impose further conditions on the held tensor which now can be taken to be traceless, 
h a a = 0. Four more degrees of freedom are removed and one is working in the 
transverse traceless (TT) gauge[|K):]. The number of independent held components 
is then 10 — 4 — 4 = 2 corresponding to the two helicity states © and ® of the 
graviton. As polarization basis states it is then convenient to take 
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for a graviton with four-momentum q M = (u; q , q) and energy u; q = |q| where the 
three-momentum q is along the z-axis. We see that the TT gauge conditions q^ 1 ' = 
= 0 are satisfied. With this choice one can then do polarization sums based on 
the projection operator || 


X! e t?(A) e *m(A) 

A=©,& 


1 f/j- r c c r r \ ^ilQjQm T ^imQjQl ^ijQlQr i 

2 Kyil^jm T OimOjl OijOlm) 

^jmQiQl T Sjfq,q m $ImQiQj QiQ.jQ.lQri 


qz, 


q 


(13) 


An alternative method is obtained by making use of gauge invariance. The summa¬ 
tion over the two physical helicity states can then be extended to include also the 
non-physical states which by themselves mutually cancel. Using completeness of all 
these polarization states, we then have instead 


E ^(A)f^(A)=P w ( 14 ) 

A=0,<S> 


which is the projection operator introduced in (|9]). In many instances this allows a 
simpler calculation. 


3 Transition vertex elements 


Lowest order matrix transition elements which describe the coupling of gravitons 
to other fields, are well known and can be found in the literature || |J. But since 
we find a few minor, but crucial discrepancies in these formulas, we will present 
corrected expressions here. 


3.1 Coupling to bosons 

Let us first consider the coupling of a charged boson with mass m described by 
the complex Klein-Gordon field (j>{x) to the electromagnetic held A^(x). Gauge 
invariance gives rise to the conserved electric current — (fid^q i*). The 

coupling of a photon with four-momentum k M and polarization vector is then 
given by the matrix element 

<?ty\M°)\p) = ( 15 ) 

where p y, and p' = p^+k^ are the initial and final momenta of the particle. Choosing 
to work in the Lorentz gauge, we now find invariance of the matrix element under 
the gauge transformation + ak M where a is some arbitrary constant. 
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The analogous result for the coupling of a graviton with four-momentum q 11 and 
polarization tensor is now seen from ( 0 ) to be given by the corresponding matrix 
element (p' T /iiy (0) |p) where T /lu is the energy-momentum tensor. For the boson field 
under consideration it has the form 

T^ v = d^cf)*d u (f) + - p^(d a ^*d a (f) - m 2 0» (16) 

Taking the matrix element between the same states, we find the gravitational 



Figure 1: Photon and graviton coupling to particle. 


coupling to a boson to be 

^ U (P'\T%,(0)\p) = e^lp^ + p^p u - r)^{p ■ p' - m 2 )] (17) 

Gauge invariance is now verihed by noting that under the substitution + 

( 1 IJ 'X. U Aq^X 11 where Xu is an arbitrary vector satisfying q^Xn — 0? the coupling remains 
the same. These two couplings are shown in Fig.l. 


There is also a contact term coupling a graviton directly to a photon in the pres¬ 
ence of the particle field. This follows from electromagnetic gauge invariance which 
implies that the partial derivatives d^(j) in the energy-momentum tensor ( |T6| ) must 
be replaced by the covariant derivatives ( d^ + ieA^cj). This generates new terms 

= - ie[((j)*d u (j) - + (<; b*d^ - ^d il 4>*)A v 

- Vnu((/)*dx0 - (t)d X (t)*)A x ] + 0(e 2 ) (18) 

Taking the matrix element between an initial state containing a boson with momen¬ 
tum p together with a photon with momentum k and polarization e A and a final 
state boson with momentum p' , we then find the matrix element 

(P 1 \T£, B (0)\p; k, A) = - e[r] X u(p» + PQ + Vx^Pu + p' v ) ~ V^u(p\ + p'x)]^ (19) 

This vertex is not gauge invariant in itself, but must be combined with the previous 
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p' k 



Figure 2: Graviton-photon contact interaction with particle. 

couplings to give an overall gauge invariant result. It is illustrated in Fig.2. 

Gravitons couple to all kinds of matter and thus also to photons. From the electro¬ 
magnetic energy-momentum tensor 

y?" = F/F m + F<"F,•„ (20) 

we can now find the matrix element for the transition between a photon with initial 
momentum k and polarization e p to a final momentum k' and polarization e a . We 
find the result 

(k’, o |T™(0) | k,p) = e a [k' p {k p rj (TU + k v p ap ) + k a {k' p r] pv + k' v r] pp ) 

i}ct()( kjjk v T k v k p ) T i/juj(tjrrp(k ■ k) kpk a ) 

(k • k'jfij pp Ti ua -|- 'T] P a'rii/p)\£ (21) 

which is in agreement with the literature Q except for an overall factor of 1 / 2 . As 
the previous coupling of a graviton to a boson was shown in Fig.l, this new photon- 
graviton vertex is correspondingly illustrated in Fig.3. 


3.2 Coupling to fermions 

The electromagnetic coupling of a photon to a Dirac particle described by the free 
Lagrangian Cp = — m)rj) is via the conserved current J p = '07 /i, 0. The 

matrix element for such a transition from an initial fermion state described by the 
Dirac spinor u(p) where p is the particle four-momentum, to a final fermion state 
u(p r ), is then the well-known result (p r |d > ( 0 )|p) = u(p , )'y p ’u(p). 

In order to find the energy-momentum tensor for a Dirac particle, we must make 
the above Lagrangian symmetric in ingoing and outgoing fields. It then takes the 
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k 


Figure 3: Graviton coupling to photon. 


form 

- mW ( 22 ) 

The energy-momentum tensor follows by standard methods. It allows the calcu¬ 
lation of the matrix element for a transition from an initial fermion state with 
four-momentum p described by the Dirac spinor u(p), to a final fermion state u(p'). 
We then obtain 

(p'\ t ^)\p) = \u(p')[(Ph +P^)lu + (Pu+p'v )- 2 vM + / - 2 m)]u(p) (23) 

where we use the standard notation = 7 M pA It has the same form as for the 
coupling of a graviton to a boson in Fig.l. We notice that the last term in this 
fermionic vertex is zero when the initial and final particles are on-shell. This explains 
why it has been left out in the literature ||. 

There is also a graviton-photon contact term here. As for bosons, it can be found 
from the minimal substitution <9 /( —> + ieA^ in the energy-momentum tensor. 
The resulting four-particle vertex is then 

(P f K F mP', k, A) = ~u{p')[p^xlu + Wa7m - 277 ^ 7 '\]u(p)e x (24) 

in analogy with (|l^) for bosons. It can also be illustrated as in Fig.2. 


4 Differential cross-sections 


We will now calculate the lowest order scattering amplitude for the inelastic process 
g(q) +p —» 7 (k) +p r where a graviton with momentum q scatters on a particle with 
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momentum p such that it is converted into a photon with momentum k and a final 
particle with momentum p'. The matter particle has the mass m. Since both the 
graviton and photon are massless, the kinematics will be the same as for Compton 
scattering. In the laboratory system where the initial particle is at rest and the 
incoming graviton has energy ui, the final state photon will come out at an angle 9 
and with energy u / given by the Compton formula 

111 

- = - + —(1-cosd) 
u' u) m 

We will assume that all particles are unpolarized. 

From the previous couplings, we find four diagrams which contribute to the process 
in lowest order. In addition to the two ordinary contributions shown in Fig.4, there 


(25) 


P' k k P' 




Figure 4: Direct and exchange production of photon by incoming graviton. 

is the contact diagram in Fig.2 and also the diagram in Fig.5 where the incoming 
graviton couples to an exchanged photon. 


4.1 Bosonic conversion 

When the graviton-photon conversion takes place on a boson, the first diagram in 
Fig.4 gives rise to the transition matrix element 

= -^—€^[2p^p u + p^q v + p v q ^ - q^(q ■ p)](2p' x + k x )e x (26) 

Zp ■ q 

The contribution from the second diagram can similarly be written as 
M fi { 2 ) = ~ ~ Pu% + Viwiv ' P')\( 2 Px ~ k\)e x 
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(27) 



There is no internal propagator in the contact term diagram Fig.2 and its contri¬ 
bution to the scattering amplitude can be read off directly from the bosonic vertex 
(|I5D and leads to 

3) = efe^[rj Xu {p p + P'p) + Vxnip* + Pv) ~ VpAPx + P\)}^ (28) 

In the final diagram there is a virtual photon exchanged between the incoming 


P' k 



Figure 5: Virtual photon becomes real in the interaction with incoming graviton. 


graviton and the outgoing photon. With the corresponding vertex from © , we 
find the amplitude 

M ?M) = -^j~ e ^(P' P + %){k P r]\v~ k„ri P x) 

+ (ku — qv)(k p r}. Xp - kfjipx) + (k x - q\){k p r] vp + - k p g pv ) 

+ (k ■ q) {rinpPv a + VupVii a - VpvVp\)}t X (29) 


The full scattering amplitude is now 

M= = M%( 1) + Mg( 2) + Mf,( 3) + M=( 4) (30) 

We check it for electromagnetic gauge invariance in the Lorentz gauge where e x k x = 0 
by verifying that it is invariant under the gauge transformation e A —> e A + ak x 
where a is an arbitrary constant. Similarly, we verify that it is invariant under the 
gravitational gauge transformation + q^x v + q^X 11 where Xp. is an arbitrary 

vector satisfying q^Xp — 0 bi the TT gauge where e^ u q p = 0 in momentum space fill . 


The differential cross-section for the process g + p —> 7 -\-p' in the laboratory system 
is now given by 


da 

dVt 


lab 647T 2 m 2 ' U 


0 >* 


(31) 
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when averaged over initial and summed over final spins. Averaging over the two 
initial graviton hclicities can be done either directly from the TT polarization tensors 
(12) or using the corresponding polarization projection operator (|l^). Either way 
gives the same result 


\Mfi\ 2 = e 2 / 2 m 2 ( 1 + cos 2 9) cot 2 - 


(32) 


after also summing over the two final photon helicities||ll||. It gives the cross-section 

dcr 


dVt 


lab 


aG /a/\2 9 J 

=-1—J (l + cos 2 d)cot 2 - 


(33) 


2 j v- ■ 2 

where a = e 2 /47r is the fine-structure constant and G = / 2 /87t is Newton’s grav¬ 
itational constant. The factor (1 + cos 2 9) is the same as for photon Compton 
scattering on a scalar particle, while the extra factor cot 2 {9/2) makes the differen¬ 
tial cross-section diverge in the forward direction. This is due to the exchange of 
the massless photon in Fig.5. Since the masses of the particles in the initial and 
final states are the same, this will also be the cross-section for the inverse process 
7 + p —> g + p' which is photoproduction of gravitons. 

As an independent check of this surprisingly simple result, we have also evaluated the 
averaged square matrix element in an arbitrary frame using the covariant projection 
operator (|14|) for the graviton and the corresponding result J2 e e n e v = ~ T lnu for 
the photon. Introducing the Mandelstam variables s — (q + p) 2 ,t — (k — q ) 2 and 
u, — (jf — q ) 2 with s + u + t = 2m 2 , we then find 

rn,, _ 

\M fi \ 2 = e 2 / 2 


( M -m 2 )( S -m^) +ro2 ( 2 + 


m 


2 1 - 




t 


+ r 


,u 


m 


2\2 


(s + m 2 )- — 2m 


(■u — m 2 ) 2 (■u — m 2 ) 2 (s — m 2 ) 2 

When this is now evaluated in the laboratory system where 

s = m 2 + 2 mu 
t = — 2a;u/(l — cos 9) 


(34) 


u — m 


2 muj' 


we find that fl34j) simplifies to the previous result (|32|). 


(35) 


The covariant result fl34j) also allows us to find the cross-section in the center-of- 
momentum frame. In the high-energy limit where we can neglect the mass m, it 
becomes 


da 

dil 


a G ,2 ®CM 

cot 


CM 2 2 ^ 

and shows the same forward peaking. It is independent of energy since it is due to 
the spin-1 photon exchange that dominates at high energies. 
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4.2 Fermionic conversion 


The Feynman diagrams that contribute to the process when the target particle is 
a fermion, are the same as in the previous bosonic case. We thus have again four 
partial amplitudes which we label correspondingly. From the previously derived 


vertices, they are found to be 

1) = <A + m)l(2p^ + q^ v 

+ (2 p v + q v )- 2r} IJI/ (2fl + 4~ 2m)]u(p)e x (37) 

M fi ( 2 ) = [( 2 ^ - q^ u + (2p' u - q„)^ 

- 2r] fJjU (2/— 4 ~ 2m)}(]ti — ft + rn)'y\u(p)e x ( 38 ) 

Mfi( 3 ) = ^^ v u(p')[p x ^lv + r]xvl^-^r]^ x ] u (p)e x ( 39 ) 

M /i( 4 ) = s)[(k^ - q^)(k p pxu ~ Kp pX ) 

+ (K ~ qv)(k p P\p - kpPpx) + (k x - q\)(kpp vp + Kpp P - k p Pp V ) 

+ (k- q) (VwVv a + VvpViiX - Vp^px)}^ ( 40 ) 


The full scattering amplitude M£ = Mj i (l)+Mj i (2)-\-Mj i (3)+Mj i ('i) is again found 
to be invariant both under electromagnetic and gravitational gauge transformations. 
Summing over final and averaging over initial spins in the squared amplitude, we 
find 


I M fi \* = -e 2 / 2 


+ m 2 (- 

\ i 


t 


2s + t + 2— 

t v s — m“ 

.2 +\ o ™2\3 


2s 

t 


t(5s + 3 mr — t ) 2 (s — m 2 ) 0 


4s"f 


2+2 


(n — m 2 ) 2 


t(u — m 2 ) 2 (s — m 2 ) 2 (u — m 2 ) 2 


(41) 


In the laboratory system where the Mandelstam variables take the values (|J^), we 
then obtain the cross-section 


da 


d£l 


lab 


aG /oA 2 

Tv 


coco' 

m 2 


sin 2 6 + (1 + cos 2 6) cot 2 
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(42) 


We see that the last term is the same as for scattering on a boson while the first 
term is due to the spin of the target particle. 

In the center-of-momentum system the differential cross-section follows directly from 
the above squared amplitude. At sufficiently high energies we can ignore the mass 
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m of the target particle and then obtain 


da 

dVt 


CM 


= aG 


_siir(6» CM /2) 


l/i i 2 ®cm \ 
--(i + c° s —) 


(43) 


In this limit we thus find again a cross-section which is independent of the energy 
and strongly peaked in the forward direction. 


5 Concluding comments 


The typical size of these cross-sections is set by Newton’s gravitational coupling 
constant which in our units is G = 2.61 x 10~ 66 cm 2 3 4 5 6 7 . Graviton-induced creation 
of photons or photoproduction of gravitons will therefore be completely negligible 
under ordinary conditions. The only circumstances which could make these reactions 
physically relevant, would be when the flux of incoming particles became extremely 
high so to compensate for the very small coupling constant. A directed pulse of 
gravitons could then be converted into a highly collimated beam of photons. It is 
not impossible to imagine such a process taking place in the environment of highly 
compact and strongly relativistic astrophysical objects. 

We want to thank R. Madsen for several useful discussions about linearized quantum 
gravity and A. Hiorth for help with the figures. 
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